CERTAIN CONTINUOUS DEFORMATIONS OF SURFACES
APPLICABLE TO THE QUADRICS*

BY
LUTHER PFAHLER EISENHART

Introduction.

A rectilinear congruence which possesses the property that the asymptotic
lines correspond on the focal surfaces is called a W-congruence. Either focal
surface of such a congruence admits an infinitesimal deformation such that
the direction of deformation at a point is parallel to the normal to the other
surface at the corresponding point. BiancHit has discovered certain W-
congruences whose two focal surfaces are applicable to the same quadric @;
such a congruence may be looked upon as a transformation B; of one focal
surface into the other. We have therefrom infinitesimal deformations of
surfaces applicable to quadrics. It is the purpose of this paper to show that
it is possible to establish with the aid of these infinitesimal deformations the
equations of a continuous deformation of such surfaces and to obtain in
intrinsic form the equations of a family of surfaces each of which is a continuous
deform of the others and is applicable to a quadric. A family of this sort
we call a system (Q).1

The paper is divided into two parts which deal respectively with the cases
where @ is a paraboloid or a central quadric. In §1 are set down certain
equations and identities given by BianchI and others derived from them.
These are applied in § 2 to the expression in analytical form of the infini-
tesimal deformation of a surface S, applicable to a real hyperbolic paraboloid,
which is determined by a transformation By of S. These results enable us
to find in § 3 that the intrinsic determination of a surface S reduces to the
integration of two partial differential equations.

* Presented to the Society at Cleveland, December 31, 1912. This paper was also pre.
sented in part at the Fifth International Congress of Mathematicians in Cambridge, England
August 22-28, 1912, and an abstract is printed in the Proceedings of the Congress.

t Lezioni di Geomelria Differenziale, vol. I11, Pisa (1909). Hereafter a reference to this
volume will be of the form B, p. —.

1 Analogous families of pseudospherical surfaces have been considered by Biancar, Sopra
una classe di deformazioni conlinue delle superficie pseudosferiche, Annali di Mate-
matica, ser. 3, vol. 18 (1911), pp. 1-67.
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In §§ 4, 5 we derive the integrable system of differential equations which
determine a system (@) of non-ruled surfaces S, and in § 6 the similar question
is handled for systems (@) of ruled surfaces.

Since the correspondence between a surface S and a transform established
by the associated W-congruence is not also the correspondence of applica-
bility of these surfaces, it is necessary to develop in § 7 certain transformed
equations referring to the latter type of correspondence. These are applied
in § 8 to give an analytical proof of the reciprocal character of a transformation
B:.

In setting up a system (@) we have associated with each surface S of the
system a surface S, which arises from S by a transformation B;,. We say
that these surfaces form the system conjugate to the given one. In § 9 we find
that the conjugate system is itself a system (@) whose conjugate system is
the given one. In § 10 the question of generalized transformations Bj from
a system (@) into others of the same sort is investigated.

In §§ 11, 12, 13, 14 we give in condensed form similar equations and results
for surfaces S applicable to the real hyperboloid of one sheet. In order to
facilitate comparison of analogous equations and identities, we have given
them the same numbers in the two parts of the paper.

In § 15 we show by what change of variables and constants it is possible to
transform the equations and identities so as to establish the existence of
systems (Q) of pseudospherical surfaces, as found by Bianca1.*

The closing section deals with systems (@) of truled surfaces applicable
to the hyperboloid of revolution of one sheet and incidentally with a de-
formation of Bertrand curves into curves of the same kind.

Part L
SYSTEMS (Q) OF SURFACES APPLICABLE TO A PArABOLOID.
§ 1. Preliminary Formulas.
If we take the equations of the paraboloid P in the form
) Z=Vp(uto), yo=Vegu—1), 2z2=2u,

the generators are parametric and the first fundamental coefficients have the
values

@ E=p+g+4®, F=p—qgtiw, G=p+q+4d.
For the sake of brevity we define a function H by the first of the equations
®) H=%(EG—F)=p(u—10)+q(u+12)+pg.
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The functions E, F, G, and H satisfy the following identities which are
necessary in the discussion:

3E_,0F 36 _,0F
o “du’ ou_ “ ov’

alogH alogH_ztl_F 0,

dlog H dlog H oF _
F 30 +G Ew —2—5—0,

+F
@

oH

( )+4pqE 4(p+q)H,

azlogH_l_ (BlogH)2_2pqE
du? 2\ ou T H?

5 d*logH  1dlogHdlogH  2pgF
) Sud T2 ou 0 . H’

62logH+ (alogH) 2pqG
v T~ H

Moreover, the Christoffel symbols have the following values in this case:

o P2} E]o. (51 )

and consequently the Gauss equations* assume the form

0z 9z "

o Ci=DX,, G5=D'X,

7
O’x_lalogHaa: 19dlog Hoz ,
=23 o duT2 ou st DX

where D, D’, D" denote the second fundamental coefficients of a non-ruled
surface S, applicable to the paraboloid, and X3, Y3, Zs are the direction-
cosines of the normal to S.

The Gaussian curvature of S is found to have the value

® .-

p being thus defined. Consequently
= _m
© DD — D= -4 .

*E., p. 1564. A reference of this sort is to the author's Differential Geometry, Ginn and
Co., Boston, 1909.
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A transformation By of S is given analytically by *

(10) a:1~:c+l +ma,
where

U V
(11) l= W’ m = W’
and

U=2(Vep =Vpd)Nut—2(Vpg = VD ¢)\
V= VIR (V= VD),

(120 V=2(Vg= Vgi'q“')xw-z(p/@= Vo'g') M
(qu = VipN+ 3} (Vep' = V),

W=2AVpg— Vpqg(u+o)\= Vpgd (u—2)\],
where p’, ¢’ and k are constants given by

(13) P=p—k, q¢=q+k,

and \ is a function of » and v satisfying the equations
s ‘/P"V+ = (DU+D'V),

(14) (e=x1).
N_Voyy < (putDr). e
d 2kVH

When the transformation By is determined by the generators of the confocal
quadric P; corresponding to those of parameter 4 on P, the upper sign in
(12) must be used and in (14) e = + 1. When the other system on P; is
used, we take either the upper signs in (12) and € = — 1 in (14), or the lower
signs in (12) and € = + 1 in (14).}

We define four functions as follows:

_al lalogH am 1dlogH
Lo_@'l'z m+1 MO 2 au m,
(15) 1ologH 1dlogH
0 log H 0g
av+2 aw b Q= a s t3 e 11

It is important to observe that dl/du, ---, dm [3dv, as used in (15) and

*B., p. 13.
t Cf. B., pp. 13, 88, 319.
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hereafter, indicate the derivates of ! and m with respect to u or v appearing
explicitly in these functions and not as obtained implicitly from A. Thus
we shall always write

d 9 0N 0 d 9 , 0N 9

(16) w= T H-wTa o

One shows that
(17) Lol—Pom=0, Mol"'Qom=0,
and consequently (15) may be written

Ly Py _dlogl 1dlogH
m I 3 "2 90 °
j_]l!,_Q_o_alogm_l_lalogH
m 1 Ou 2 ou °

(18)

These results justify the following definition of a function 4,
IMy—mLy _ 1@y — mP,y

m - l

19) 4=

Substituting from (15) we find the following expressions for 4:
lom 9l 1dlogH, 1dlogH

4= o "tz ou 172 9 ™1
_9m mal 19logH 6 1dlogH
(20) -80_160+2 du '~ 2 or m+1,
_lom mdl lilogH mdlogH
" mou ld' 2 ou 2 9
As an immediate result we have the identities
al mal ldm 9dm
1) 5;‘—‘1—51"+1=0, 5—56—5—0——1—0.

Bianchi* has established the following important identity:

(22) ma—lo==—=4,
or, in other form,
(23) Vo= U =—=kWA.

*B, p. 19.
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In consequence of (22) we may define a function J thus

kH Lo+6l) ( EH Mo+ )
VpgW m = O\ VpgWw m ' O\

If Xy, Y1, Z1; X2, Y2, Z; denote the direction-cosines of the tangents to
the curves » = const., u = const. respectively on S, we have

(24) J= (

dzx dx
(25) a—u— 'I/EX1, a—'_ ]/GX2,
and similar expressions for Yy, - Z,.

In consequence of (7) and (4) we have

X, D X, 19dlogH D’

= veXy e =3 e (~ Xt VEGK) + X,
(26)

X, 10logH _—— D' X, D"

u _2G FY) (VEGXI FX2)+1/G 3 £ "I/E,XS:

and the derivatives of X; are given by*

9Xs FD'—GD - FD—ED' _
ow = ag  VEXN+ T VEX,
@7) aX, FD"— GD' FD' — ED”
. FD"— _ _ _
2y VEx + T VK,

Moreover, the Codazzi equations for S assume the form

lalogH

B " ou " 2 D+3 D,

aD"_a_D'_lalogH _I_lalogH
du d 2 o0 2 Odu

(28)

DII

§ 2. Infinitesimal Deformation of S.
The equations of an infinitesimal deformation of S aret
(29 P=z+e, y=yte, I=z+4¢,

where ¢ is an infinitesimal constant and £, 5, ¢ are functions of » and » satis-
fying the conditions

dz 0 x dx 4 dzd¢&
(30) 25748_5—0’ 25—-8—§=0 2@5—5'{'2—8—5_:0
*E., p. 154.

t E., pp.'373, 374.
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We know that if S and S, are the foeal sheets of any W-congruence,* an
infinitesimal deformation of S is given by taking £, 9, { proportional to the
direction-cosines of the normal to S, at the corresponding point, the factor
of proportionality being determined by the conditions (30). A fundamental
property of the transformation By is that S and its transform S;, given by
(10), are the focal surfaces of the W-congruence formed by the joins of cor-
responding points. Hence the knowledge of a transformation B; of S leads
to an infinitesimal deformation of S. We shall investigate this deformation.

The direction-cosines of the normal to S; are proportional to expressions
of the form

@)  — (Fl+ Gm)VEX, + (El+ Fm)l/(_}'Xz-l-ze]Ii “q‘X"
Accordingly we put
@2) = e"[— (Fl+ 6m)VE X+ (El+ Fm)VGX,+ 2:/%_‘4 x,]

and determine T subject to the above conditions. From (32) we obtain
with the aid of (26) and (27)

6_5_ = lalogH) oF _( d @)
e"l/EX,[ (Fi+ 6m )(6u+2 ou ™ qu+Gdu

VH A4 1dlog H
+9= 5 (D — o)+ v+ Fmy (35 + 3227
VE 4 ,
+2 m+(Edu+qu)+el/ 5(FD— 50 |

2¢

+X”[vp

- (e"H'4) — (Fl+ Gm)e" D+ (El + Fm)e"D']

—=W‘X1[ Fi+am) (G +3 T ) -5

2 dv avl

eVH 4 " ,
(de+de)+ / 2(FD GD)]

(33) +e’1/GXz[(El+Fm)(aT ;"“;iH)+ ’+(E +de)

"
Vpg

+ X, [172}% 9 THIA) — (Fl+ 6m)e™D'+ (El+ Fm)e’D"]

+ V= ‘; (FD'—ED" )]

*E, p. 420.
t B, p. 4.



872 L. P. EISENHART: CONTINUOUS DEFORMATIONS OF SURFACES  [July

When these and similar values for dn/du, ---, ¢/ dv are substituted in
(30), we obtain the following equations for the determination of T':

dT ,dlogH dlogm  eVHAD
6u+ ou + du t o= =0

T  dlogH  dlogl eVH 4D
(34) w T e T _1/p_q_2—_l—=0’

aT 3T , dl dm eVH
o "M T Tl i =

By means of (14) the first two of equations (34) are reducible to

T dlogH  dlogm , VpgWom . €W al ,0m
T w T ou T kH on 2k1/f{"(D¢-9—)-\+Dﬁ)_0’

dT , dlogH , dlogl , VpaWal eW( al am)_
w0 T o T aTagyalat?a)=0

and the third of (34) is found to be a consequence of the other two.
With the aid of the Codazzi equations (28) it can be shown that equations
(35) satisfy the condition of integrability and consequently we have the theorem:
When a transformation By of a surface S applicable to the paraboloid P 1is
known, an infinitesimal deformation of S is given by a quadrature.

(35)

§3. Intrinsic Determination of Surfaces Applicable to the Paraboloid.

With the aid of the foregoing results we are able to give an intrinsic de-
termination of surfaces applicable to the paraboloid. To this end we observe
that if the values of D, D’, D” given by (34) be substituted in equations (14)
we obtain the single equation

OT dlogH  dlogm , dlogldr
Nowt o T o0 T o o

dT  dlogH  dlogl alogmg_):)_
+m(6v+ 3 T T )"

In consequence of this equation the last of equations (34) may be given each
of the forms

T A ,dlogH 191, 13moN , eVHAD _

(36)

wtmT a0 Tlatmona T ypg om =
@37 _
T A dlgH 19m 12_1@_%_eVHAD'=0

w1t 9 tTmoutTaau vy 2
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By means of these expressions for D’ and those for D and D" given by (34),
the Gauss equation (9) may be reduced to

ou v oo Hk ox)ou

(axar N 6T)+(along+W1/17qal)6)\
ou dv dv du

WVpgdm\a\  VpgUdT VpgVaT

(38) ("‘1°3H 7 mE 6)\)80+ “Hk 3u " Hk 9
+ [Ul/;q(alogHm) _ Vl/ﬁ}(a log Hl)] —o
Hk du Hk EY) T

Again, when the expression (34) for D and the first of (37) for D’ are substi-
tuted in the first of the Codazzi equations (28), the resulting equation is of

the same general form as (38). If the function 6—2 9T _9x ‘ﬂ' be eliminated

from it by means of (38), we obtain

(6logH 6 A l/quB )(OT 6logHm+

0 log l
w T8 nt Tm ale EP )

(alogH l/qua A)(GT along_l_alogm) 0

T HE ol 3T
On substituting the first expression for 4, as given by (20), this reduces to

(avlog 19logH A4 _ quWal)(aT alogHm+alogl)

2 9 m HE o\)\ou

19logH °l/p_qW6_m) alogm)
+(2 % ~ Hk N ( +aol° g Hl+ =0.

This in turn is reducible by means of (20) and (22) to (36).

In like manner it may be shown that the second of the Codazzi equations
is satisfied when X and T are solutions of (36) and (38). Hence we have the
following theorem:

Given two equations (36), (38) in which the functions H,l, m, U, V, W have
the forms defined in § 1; if N and T constitute any integral of these equations,
the functions D, D', D" given by (34) and (37), and the functions E, F, G
given by (2) define inirinsically a surface applicable to the paraboloid. Further-
more, when a surface S has been found in this way and the codrdinates z, y, 3
are known, a second surface of the same kind is given directly by (10).

Later (§ 7) we shall see in what way the intrinsic equations of the second
surface can be found without quadrature.



874 L. P. EISENHART: CONTINUOUS DEFORMATIONS OF SURFACES  [July

§4. Continuous Deformation of S.

We are not interested primarily in the infinitesimal deformations of S,
but rather in showing that with the aid of the equations of such deformatibns
it is possible to discover systems of surfaces arising from continuous de-
formations of S.

To this end we replace ¢, 7, ¢ in (32) by 9z /0w, dy [ dw, 9z [ dw, where
w is a third variable, and we assume that the functions D, D’, D", \ involve
this variable as well as » and ». Now we replace (32) by

2¢HY?
Vpg
and because of (14) and (25) equations (33) may be replaced by

%‘%= e’ (FX,— VEGX,) + —

‘%3 = ¢"( VEGX, — FX,) + —

@9 32= o - (B4 6m) VER+ (BL+ Fo) VEX+ 2 axi |,

T Xs,
1/
(40)

X,
1/ "’
where we have put for the sake of brevity

B= 72‘;@—(#3*&4) —¢"[D (Fl+ Gm)— D' (El+ Fm)],

= ;/gf—i( eTH"™ 4) — *[ D' (Fl + Gm) — D" (El+ Fm)].
pg &
By means of the ident.

3 X,
Jw

(41)

ED.¢ ED.¢ ED.¢
X 2Ky =0, =X, >0 =41 3X, aw’ 0,
we find that

0% _
ow

In order that these equations be consistent, it is necessary and sufficient
that the following conditions be satisfied for the X’s, ¥’s and Z’s:

d (94X; d (94X, .
43) 2(3E)=2(5%) (1=1,2,3),

d (3X:\_ 8 (3X: 9 (3X:\_ 3 (3X:\ . _
(“44) a—a(m)-a&(a‘)’ a—v(w)-aa( 3 ) (i=1.2,3).
Since equations (43) are true for each surface S, it is necessary to consider only
equations (44). The first of these for ¢ = 1 leads to an equation of the form

(42) ]/EG[(FX, VEGX,)I/— (VEGX, — FXz)I/ ]
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aX;+ bX; + ¢X; = 0 and to two other equations obtained by replacing the
X’s by Y’s and Z’s respectively. These equations are equivalent to a = b
= ¢ = 0. By substitution these are found to reduce to the following

D'B— DC 1dlog H .
7y (8u+2 du )_0’
(45) aD
= T ’
3w = ¢ (FD — ED’) + d
In like manner the first of (44) for < = 2 leads to the first of (45) and to
(46) aD = ¢7(GD — FD’)+dC BdlogH CodlogH

ow 2 9 2 du

Furthermoic, the second of equations (44) for 2 = 1, 2 give rise to

BD” — CD’ 1 alogH) _
i te (av‘"z aw )0
oD dB_BalogH CdlogH
@D Gp= " (FD' = ED")+ g — 5 =glm— 350,
aD'l

= ¢T(GD' — FD") +%§'

dw

Finally, no new equations are introduced by equations (44) for ¢ = 3,
In consequence of (9) the first of equations (45) and (47) are equivalent to

H 1dlogH lalogH)]
"
B“"p[ (6v+“ ) ( 37 )]’

H? 1dlog H 1dlogH
= T ”
C_epq[ (av+2 3 ) D (6u+2 du )]

By means of (35) these may be given the form

I/HW VHI (D' D
B="% [ a)\+l/pq( ‘ﬁ)]

VHW , [ ol VHJ VHJ (D" 1_){)]
When these expressions are compared with (41), we find that in order that
they be consistent it is necessary and sufficient that

H*4* 2HWJ
pqg  kvipg®
Later it will be shown that this is an identity.

(48)

(49)
C=

(50) EP + 2Flm + Gm? 4
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Again, in order that the two expressions for D’ /9w in (46) and (47) be
equivalent, it is necessary that

1) dC_dB | 16D+ ED" - 2FD') = 0

But when the values of B and C from (41) are substituted in this equation it
is satisfied identically, by virtue of the Codazzi equations. Hence the only
conditions introduced by equations (44) are

0D (- ED)+Z,
oD’ dC Bal H CodlogH
dw = (@D - FD)+ - -2
(62) dB BdlogH CodlogH
=" (FD' = ED") + G =3 g0 =5 gy
D" e — oy + .

Reviewing the case rapidly, we observe that in addition to (52) the equations
of condition of the problem are (9), (14), (28) and (34). It must now be
shown that these equations in A\, T, D, D', D"’ are consistent. To this end
we observe that if equations (9) and (28) be differentiated with respect to w
and in the result the derivatives of D, D’, D’ be replaced by the expressions
(52), in which B and C are given the values (48), the resulting equations can
be shown to be satisfied identically in consequence of (9) and (28) and of
equations resulting from their differentiation with respect to u or v.

§5. Inirinsic Determination of Systems (Q).

Before considering the determination of functions D, D', D", \, T satis-
fying the above mentioned conditions, we call attention to the fact that these
equations constitute the necessary and sufficient condition that the following
system be completely integrable:

dz 0z

a—u= ‘JEXl, -a—v‘= 'JéXz,

ng= e"[— (Fl+ Gm)VEX, + (El+ Fm) «/’(‘;x,+2fi AX.],
3X,_ D X, ia

Pu -V_EXa, 9 — 2E (_FX1+mX2)+ﬁX
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53) aa,z,___m;{ap B +£1%:I#)_ X,
0, _FD"—6D' gy, + P2 = ED" 5y,
W _ o rxy - J]TC#’X:)+T1%;X3, S = ¢ (VEGX, - FXa)
«(IJGX"
‘%=T@H_§[(FL VEGX. z)T—(@Xx—FXz)TTE]-

Hence from the general theory of triple systems of surfaces in space we know
that, when these conditions are satisfied, the quadratic form

ds? = Edu?® + 2Fdudv + Gdv* — 8Hme" dudw + 8Hle” dudw
(54)
+ 4e”'H(El’+ 2FIm + Gm’+u)dw2,

(which arises from the first three of (53) and similar expressions in y and z)
defines space referred to a triple system of surfaces, such that the surfaces
w = const. are applicable to one another and to the paraboloid (1).

We return now to the consideration of the system of consistent equations
(9), (14), (28), (34) and (49). It was shown in § 3 that by means of (35) and
(37) the functions D, D’, D’ may be eliminated from (9), (14) and (28) with
the result that we obtain the two equations (36) and (38). When the ex-
pressions for D, D’, D" from (35) and (37) are substituted in (49), we obtain

2 VHWeT[ dm 2J( alogH dlogm 4
B=—— [ax A\ou T 70w T 7o " u
_l_aloglmgb)]
2 0N ou
(55)
2¢ VHWe" [az _2_1( +6logH+alogl+A
C=-—"% N~ A\ o 2m
laloglma)\)J
+ a a0/l

With the aid of these expressions and the former ones equations (52) are
transformable into four equations of the form
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ET _ FT | A *T A

udw Aub-u? + But—ﬁ? + 4 8u60+ By 6u60+ Ey,

9%\ T 92N T 92\
36) dudw CHW—F D“éﬁ"‘ C”auao"' D"auav+ Fy,
5
eT T #N T 3
dow A“au 6v+ B 6u60+ A”W-'_ B”W-'- Es,

2N T 92\ 02T I
0vdw 0216u60+ D 8u60+ 0”% + D"-a_v’ + Fe,

where Ay1, -+, F1, Fy are determinate functions of #, », A\, T and the first
derivatives of A and T with respect to , v and w. It is unnecessary to write
down the explicit expressions for these functions, but it is important to remark
that since the system of equations (9), (14), (28), (34) and (49) is consistent
so also is the system (36), (38) and (56). Furthermore, when a set of values
of the latter system is known, one obtains the functions D, D', D" directly
from (35) and (37).

The systems of equations is such that the formal integration reduces to the
determination of power series in w, thus

A=+ orw+ 2w+ -
T=v%t+diwt v+ ---

where the ¢’s and ¢’s are functions of » and ». Evidently for ¢, and ¢, we
take a set of solutions of (36) and (38). To find ¢; and ¥, we substitute
the expressions (57) in (56), and put w = 0; this gives four equations of the
form

(87)

Gy o-u, ooy, b, h_p,
where the functions 4 and B involve ¢1, ¥1, @0, Yo and the derivatives of
ooand ¥o. When one has a set of functions ¢, Y1, satisfying these equations,
the determination of ¢; and y is a similar problem. In this case we differ-
entiate equations (56) with respect to w, substitute (57) and put w = 0.
Proceeding step by step we reduce the problem of finding the coefficients in
(57) to the integration of systems of equations of the type (58). It is not
our purpose to go further into the consideration of the character and domain
of the solutions, but we have given sufficient indication to enable us to state
that equations (36), (38), (56) possess common solutions. Hence we have the
theorem:

There exist triple systems of surfaces such that the surfaces in one family are
continuous deforms of one another and of the hyperbolic paraboloid.
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We have thus established the existence of systems (@).

Thus far we have considered only surfaces applicable to the hyperbolic
paraboloid. Bianchi has derived the equations for transformations of surfaces
applicable to the elliptic paraboloid* and also to the imaginary parabolotdt

28
(59) 5+ = 2.

The changes to be made in the formulas in these two cases are such that one
sees readily that by a repetition of the processes of the foregoing sections one
can easily establish the existence of systems (@) of surfaces applicable to
these two types of paraboloids also. As a matter of fact we have shown else-
where} that there exist systems (@) of surfaces applicable to the paraboloid

(59), the process of proof being less direct than the foregoing.

§6. Systems (Q) of Ruled Surfaces.

Thus far we have excluded the case where S is ruled. We consider it now,
and observe that (9) may be replaced by

pg
4_ ’
where ¢ is independént of u, the assumption being that the lines » = const.
are straight. From geometrical considerations it is evident that if the trans-
form 8, given by (10) is to be ruled also, the upper signs in (12) must be used
and e = 4+ 1 in (14). The latter equations reduce in this case to

A AN Vo(v)

w=% %=k

(60) D=0, D=-— D" =2+Hp,

(61)

consequently A is a function of v alone. Instead of (35) we have the consistent
set

9 log H  dlogm _
+ t+—3,~ =0
©2) T OdlogH dlogl ¢(v)Wa
og og p(0)Wom _
T Yt oa o
and the functions B and C which appear in (40) have the form
*B., p. 113.
t B., p. 150.

1 Sopra le deformazioni continue delle superficie reali applicabili sul paraboloide a parameiro
puramente immaginario, Rendiconti della R. Accademia dei Lincei, vol.
XXI (1912), pp. 458462,

Trans. Am. Math. Soc. 38
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B= 2H”’e"(alogm 19 log I-I)

T ¥pg \ ou T2 u
(63)
C=2H’ie"(alogl 1dlogH 21/17qm¢)
l/pq v 2 k

When these expressions and the values from (60) are substituted in (52),
the first two of the latter become

oD oD’
w-0 W=
and the third one is reducible to

%3_: 21Ipqu376¢+ H,[%(F+ ) HLM_:_

(64)

k H Npgm
(65) ”j_
2VpqdV
T W] =0
in consequence of (5) and of the following identities which are readily es-
tablished:
dlogm _ (8 log 'm,)2 d%logl _ (8 log 1\\?
ou du ! am \ o )’
(66)

d%logm _d%*logl dlogm 9logl
dudv  dudv  du o

Since ¢ is at most a function of » and w, the coefficients in equation (65)
must be independent of ». The first is constant and the second is evidently
independent of u, in consequence of (61) and (62). As regards the coefficient
of ¢ we observe that it may be written

eTHm[%(E+Q) H L A4 2«/551317]

H 1T & 7o )

and consequently we must show that

(2, 6) L Lad

H\m' 1

is independent of ». In view of (19) and (50) this may be written
%’;[E R I

If we differentiate this expression with respect to » and make use of (4) and
(5), the result is reducible to
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H dlogm dHdlogm
—«@[H( u )+au trtg +6u kpq]

and by direct substitution it is found that this expression vanishes identically.
Consider mow equations (62). The first may be replaced by

(67) T =log ﬁ.

where f is independent of . Substituting this value in the second, we obtain

(68) u_Tt

where V' denotes the derivative of V' with respect to » entering explicitly and
not implicitly by means of N\. Moreover, equation (65) may be written

d 2 49
(69) St et foe =0,

where ¢ is a determinate function of u, » and A.

Equations (61), (68), (69) form a system to which the standard existence
theorems apply. Hence recalling the general discussion of § 4, we have the
result:

There extist systems (Q) for which all of the surfaces w = const. are ruled, and
the determination of the inirinsic equations of such systems requires the integration
of a system of partial differential equations of the first order.

§ 7. Change of Parameters. Fundamental Identities.

We will now establish the fundamental identity (50), and to this end
consider the transformation B, defined by equations of the type

(70) f—z+l +mav

From this we have by differentiation

0z 0ldx  Odmaozxz\ I\
. 3 L°8u+M°ao+(5X<9_1; ‘Ta'n;)a?;Jr(D“rD’m)Xs»
1
(71) 6:2 0ldx Oomadzx

k 7 ”n
P°au+Q°6'o (6k6u+ a év)av+ (D't+ D"m) Xs,

where Ly, My, Py, Q, are defined by (15). _
By means of (71) we can find the first fundamental coefficients of S, but
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as Bianchi* has remarked, these functions have not the same form as (2).
He proved,t however, that it is possible to transform the parameters on S
into a new system #, 7 so that the new coefficients E, F, G as functions of
4 and 7 have the form (2). In fact, this change of parameters is made in ac-
cordance with the affine transformation of Ivory, whose analytic form is

Vgp’ (u+ v) + pg’ (u—v)—w/p_q(4uv+k))\

U=
a2 2[Vpg' (u — ) N — Vgp’ (u + o) A + Vpqg]
"
YT
By differentiation we have
di _ duy 6)\
du= VPN e~ N ou
(3) di du; N
U
d 4‘[_"2W2 T %
and
dp 1 an dv 1 ax
74 W= TN b N
By means of (14) we obtain
(75) m Z((’; 3; “’—(sz D'm?).
From these results and the expression}
0w 2kN?
(76) =gl

we get from (71)
az 1 W[Loax M, 9z ﬂl_2X,]

9 AN pglmou = m v E
N o2 pe[(L- b e (4L ML Mo, 9T
a9 m 2 Wpgm/ou l 2W\Ip_m
If for the sake of brevity we put
4pqm

Ki=LiE+2L My F+ M;6G+ S~

(78)
_LyE+ MyF | FL,+ GM,
Kz = + l ’

m

* B., pp. 25, 76-79.
tB., p. 32.
B, p. 35.
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we have from (77) and (24)

E= ! W2K1, F=—(%Kz"1 kH Kl) W

) 16\ pgm? 2 Wpgmt ™/ 2Vpq’
- J? KH J,1 BH
= A)\4 2 _ B T

G = 4\ [(Ezz+ 2Flm + 6m*) s K,W%. + 1% 2K,].

With the aid of these values we find
He i AR
(80) 4H—EG—F2=W(EF+2FIm+Gm’+—5§—)J2_

Bianchi has established* the identity

@) PR CLI LT

EP+ 2Fim + 6mt+ 5 (Vo — Ua)‘) -2
which in consequence of (23) may be written

AH* HH
82 EP + 2F1 Gm? =—,
(82) + 2Flm + Gm* + p -
Comparing this with (80) we see that we must have
J=¢ 2———lmW‘lqu ,

where ¢ = = 1, to be determined. From this result and (82) it follows that,
if (50) is an identity, so also is
(83) =4 l—"‘k”q

and conversely. Making use of (13) and the form of H analogous to (3), we
find that the preceding equation is identically satisfied when ¢'is — 1. Hence
we have

_ 21m\[p_q
(84) J=-=5H,

and the identity (50) is established. The latter may now be written, in con-
sequence of (84),

2 42
(85) EP+ 2Fim + Gm2 + 24 _ 4Him

pg  k
To these may be added the following useful identities which arise from (24)
and (84)

*B., p. 46.
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al «/{;a(kHL,, ) am ‘J_(chMo

@) a="Wl\mgn %) W= W\ \mm

The foregoing results enable us to find the expressions for the second funda-
mental coefficients of § in simple form. From (31) and (32) it follows that
the direction-cosines of the normal t6 S are of the form

87 Xs=Re ", where R?= ER+ 2Flm+ Gm*+

From these we have by means of (40)

+2m)

H’Az
rq

aax, R[VE(FX,— VEGX,) + Be~ ’X,]+X,5—10gRe-f
(88)
ax,

= R[VG(VEGXy — FX,) + Ce "X, ]+ Xsolog Re ™.

In consequence of (14) and (86) equations (71) may be given the form

9z 2pqlm , ]
3= [ 2l”/_(z)U+D V)a)‘ VEX,
2 2
+| -2+ = 0U + D | VR + (D1t Dm) 3,
®9) d 2pql
z 2pev '
' [ +2kH(D'U+D'V)a>\]‘IEX‘
2pql!
+|- B S (0 U+ TG |G+ 01 DX,
From these expressions we find
(90) 5=—z"a—fg§_w, D'=e¢D', D"=eD",
where
91) =— @(Dlz D' m?).

Hence the asymptotic lines on S and § correspond and we have the following
result, established by Bianchi in another manner:t

The surfaces S and S, the latter resulting from a transformation By of the
former, are the focal surfaces of a W-congruence formed by the lines joining cor-
responding points.

*If the other system of generators of the quadric Qs are used, so that we take the lower
signs in the expressions for U and V, it merely comes to changing the sign of -every radical
under which ¢’ appears. So far as the present result goes, it is the same in both cases, as one

sees readily by reviewing the above work.
tB., p. 89.
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We have not written down the first fundamental coefficients E, F, G re-
ferring to the parameters » and » on §, but one gets them at once from (71).
Hence, when one has a surface S defined intrinsically as explained in §3,a
transform S is given intrinsically at cnce.

§ 8. The Inverse of a Transformation B.
Since S and § are the focal sheets of a congruence, we have

9z
(92) z—£+la-+mav

Substituting this expression in (70) and making use of (77), we obtain an
equation of the form

(93) au-l-b St eXy=0

where a, b, ¢ are determinate expressions which must vanish identically because
y and z also satisfy (93). These identities are

1 b (ML I, 4%0)
e T oyt w )0
1w, z( kH Mo é_‘/_P—Q_m)_
mt R TN\ g m T W )=
W mkHN
2+ W - 0’
which are equivalent to
=  kH)? - W
4 L= ™ T tpee
From these follows _
95) R L
which is analogous to (83) where ¢ = — 1.

We wish to show that in fact S is a transform By of S. To this end we put
for brevity ,
A= g’ + Vpi, B’ = Vg’ — Vpg,

with the result that (72) becomes

_Au+ Bo— VpgA (4uv + k)
(Vpg — B'un — A"\ )?
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If we puto=1/ 2\ and solve the foregoing equation with respect to u, we
obtain _
g dat B Vpg\ (4iis + k)
( Vpg — B'aX — Am\)?
which shows the reciprocal character of the transformation (72).
If we take

where_ﬁ, V', W are the functions obtained on replacing %, v, X in (12) by
%, 9, N\, by means of the foregoing results these expressions are reducible to
the form (94). Hence we have established in an analytical manner the fol-
lowing theorem which Bianchi* discovered by geometrical considerations:

If § is obtained from 8 by a transformation By, S may be obtained from S by
another transformation By, the inverse of the former.

§9. The Conjugate System (Q).

Suppose that we have a system (Q) and that upon each surface S of the
system we effect a transformation By, given by

ad d
(96) n=gz+ b5+ ms,

where l; and m, are given by replacing X and k in (11) and (12) by A\, and k;.
If (96) be differentiated with respect to w, the result is reducible by (39)
and (40) to

e X NE{ P = 1)+ 6 (m = m) 1+ 52
) + X VG| = MEG =D+ F(m = m) ]+ 2 2

1
+X;{e’2JIJZTqA+llB+mIC}.

It should be observed that in the functions B and C there appear [ and m,
but not /; and m,.

From the given system (@) we obtain by means of (96) a triple system of
surfaces expressed in terms of parameters u, v, w, such that the surfaces
w = const. are applicable to the paraboloid. If we wish this system to be
given in terms of the parameters u;, v1, w, where %, and v, are obtained from

*B,, p. 36.
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(72) by replacing \ and k by A\, and % , the direction of the curves for which both
u; and v, are constant is given by

dxl 3231 Gu; 8)\1 6:t1 601 3%1 3331

dw Ouy O\ dw  Ov I\ Sw =ow”
From (97), (77) and (76) we find

‘;"" X NE[F (I — 1) + G(my— m)]
(98) — X, VGeT[E (I, — 1)+ F (my — m)]
,2¢H A 2e1 by VH )\,
+X3[ E+ZIB+mIO-T%]

€1 being = 1 and not necessarily equal to e (it arises from (77)).

Before eonsidering_a general system of surfaces S; thus defined, we will
look at the surfaces S which are used in constructing the system (). For
this particular case we have

l1=l, m=m, A=A\, kh=k, =€, uy=1, " =79,
and so (98) reduces to

CE e’H N ek VH 9\
(99) 5--.2[ L (DB — D" m?) — =5 aw]X*'

Hence a tangent to a curve of parameter w is parallel to the normal to S at the
corresponding point. _

The parameters % and 7 were chosen so that the surfaces S are seen to be
applicable to one another and to the paraboloid. The relation between a
pair of surfaces S and S is reciprocal, as shown in § 8. The curves along which
the surfaces S are deformed into one another are such that a tangent to such
a curve is parallel to the corresponding normal to S. Hence if we say that
the surfaces S form a system conjugate to the given system (@), we have
the result

The system conjugate to a given system (Q) s itself a system (Q).

In order to give further consequences of the foregoing results, we observe
that in consequence of (81) we may replace (39) by

dz 4H*H

Y e TR 2 -
(100) =R K, R -

If in like manner we put in accordance with (99)

0z = \
3—1;= GTR_1X3§\
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we have from (77) and with the aid of (94)

20% _  =_ EX I .
25-1;5--—4eHme > E'a—'aw—- —4eHle

provided that

(101)

1 _ 4HH

R pq’

which evidently is the analogue use of (100), and from the preceding results
we know that it is true.

§10. Transformations of Systems (Q) .

We return to the consideration of equations (96) and (98). The former
when applied to a system (@) leads to a triple system of surfaces such that
each of the surfaces w = const. is applicable to the paraboloid, by a suitable
change of parameters involving \;. It is natural to inquire whether it is
possible to determine A, involving w in such a way that the transformed surfaces
shall form a system (Q).

If such a transformation is possible, the function A; must satisfy the equa-

tions v
a)\l__g
akl ‘J_ ’ ’
6)\1 Wiea 4 Wl

a,w 2klr(llB+mIC)+ Hk, )

where = is a function to be determined.
Referring to (54) we observe that in consequence of (85) the condition

dxdx _dz0zx dz
(103) 2@51;.280 ow kz(aw)

must be satisfied by a system (@). From the results obtained in certain
special cases it is probable that this condition is sufficient. Applying it to
the surfaces S; we obtain a quadratic equation in 7, namely

(104) (bi—k)m*+Pr+@=0,

where P and @ are determinate functions of u, », A\, A1, k and ky.
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The conditions of integrability of equations (102) lead to four equations of
the form

a a
mthaTtm=0, S +ar+m=0,

(105) s s
atETEm=0, SCd+hrtm=0,

where the functions £;, #; are determinate. Hence if a function 7 exists
which satisfies (104) and (105), it may be found by differentiation.

We have shown elsewhere* by other methods that these transformed sys-
tems ( @) exist for the case where the surfaces S are applicable to the imaginary
paraboloid. Since there is no essential difference in the formulas of trans-
formations B when the fundamental quadric is & hyperbolic or an imaginary
paraboloid, we have good reason to believe that a function = exists satisfying
(104) and (105), and that the function A, given by (102) leads to a transformed
system (@). Incidentally we remark that, in the case where the surfaces S
are applicable to the imaginary paraboloid, for the curves of deformation of
the surfaces 8, the tangents are parallel to the normals to surfaces S, appli-
cable to the same paraboloid, and each surface S; forms with the correspond-
ing surfaces S, S, 8 a quartern in accordance with the “theorem of per-
mutability >’ which Bianchi} has established for transformations B;.

Parr I
SysTEMS (Q) OF SURFACES APPLICABLE T0 A CENTRAL QUADRIC.
§ 11. Preliminary Formulas..

In the following sections we consider systems (@) of surfaces S applicable
to the hyperboloid
(1) xﬁtt%[’%,?, 0="byry zo=01u:_?,
the parameters referring to the generators. From these we obtain
E=[(a*+ ) o +2(¢—a+28) @+ + &) (ut o),
Q) F=[(a+)u*+ (¢—a?) (u?+v*) —4bPuv+a®+ ] (u + 0),
@ = [(@+ ) ut+2 (¢ — 4+ 28) w4 o+ ] (u+ 0)%,
@l (l— w2+ 21+ uw)?+ a®c(u—10)?
(u+0)° )

and
3 H=%(EG—P)=

* Sopra le deformazions, ete., 1. c., p. 461.
t B., p. 156-179.
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It is not our purpose to repeat the details for systems (@) now under dis-
cussion, but merely to give the fundamental equations and identities and state
the results. In general there are equations and expressions analogous to all
of those in Part I, and in giving certain of them we will use the same numbers
as in the former part, so that the reader may compare them and fill in the gaps.

We find readily that

a?b? c? 1
> E=—Grom= "
an

' o _ _ _4a?b’¢
(9) DD" = D" = = gty

A transformation B of S is given analytically by

d d
(10) x1=z+l55+ma—:,
with*
11 I= (u+ LA = (u+ v
(11) = (u ")W’ m= (u+9) 5,

the various functions being defined by
U= (*;%—1%)2ucosﬂ+(*b?%—f;)(uz— 1)sin @
+(gp=5) @+,
12) V= (?%—%)2vcosﬂ+(*b—?%+£;)(v2— 1)sin@
+(F5=35) @+,
W=2[=h£%(u-— v) cos 6 :-5%(1+uv)sin0+;—bb,(l - uv)],

where the constants are in the relations

(13) o= Vlt+k, b= C+k o= VN"—F,
and 0 is a function of u and » such thatt
a6 a' b adbe ’
= Futois’ T T, LUT DY),
(14)
a6 a'd'c a'bce ’ 17}
=kt orp U T Tvggevy DU D).
* B, p. 49.

t B., p. 103.
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Here the signs in (12) and € in (14) have a significance analogous to that in
Part I.
For the sake of brevity we write

_ol lalogp 1dlogp
15) L°‘au u+vl+ m+1, Mo = au 2 ou ™
_al 1dlogp _Om 2 1dlog p
Po=gts oy b =%~ uto mty o LT
it being understood that the following notation is used:
6 d_0,900 d_d 300
(16) du=3utou'30° do v 3 30

We make use also of the function 4 defined by
lMo - ’lnLo _ lQo— mPo

m l

(19) 4=

’

and we may show that

a'b'¢ Vv al dm
(22) A==’=k_——(u+’l’)2.m—p(m56_lw>
We are thus enabled to define a function J by

_ kp (u+ v)* Lo om  kp (u+ v)* M,
@ 7=n(Gt" 0 T)- (Gt 2w 7)

For the present case we have equations of the same form as (25), (27) § 1
and if in (26) § 1 we replace H by p we obtain equations valid for surfaces
applicable to the hyperboloid.

§ 12. Infinitesimal Deformations of S. Inirinsic Determination of Surfaces
Applicable to the Hyperboloids.
The equations
(29) =2z ef. y=y+en, 2 =z+ el

define an infinitesimal deformation of S, where e denotes an infinitesimal
coustant, and £, 5, ¢ are functions of the form*

@B2) = [ (FI+ Gm) VEX, + (El+ Fm) VGX, +2emp

(¥ )2‘“‘]’

provided that T satisfies the equations
* In this formula ¢ = = 1.
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aT 2 dlogp eVabcpt A D
au_u+v+ du +d +2(u+v)2H77z_ ’
oT 2 6logp d e Vabe pt A D"_’ ‘
(34) 0 u+v+ +dvl 2(u’+v)2HT-0’
l(a_g__ 4 )_ (aT 4 )_I_g__dl;_ eNabeo'd
ou u-to 0 —u-+0 du dv (udo)2H~ ~—
By means of (14) the first two of these equations are reducible to
oT 2 7]
ou " uto T aulo8em
db W [dm e(u+v)2w/;)( ,
torlnt e (2wt %)] =0
(35)
o 2 8,
3 uto ! 9008
dbW e(u+v)2\lp( , ,6m)]
xp(u+'o)"‘[60+ 2 Vabe D 0+D,80 0,

and the third is a consequence of these.
As the conditions of integrability of (35) are satisfied, we have the theorem:

When a transformation By, of a surface S applicable to a hyperbolord vs known,
an infinitesimal deformation of S is given by a quadrature.

As in the case of surfaces applicable to the paraboloids, we can give an
intrinsic definition of surfaces applicable to a hyperboloid as follows:

Consider the two differential equations

0T dlogp  dlogm 2 )
l(6u+ + du  u-o

0T dlogp  dlogl 2 ) al a6  dmae
+m (8v+ w T o uto)Tawamtanam =0

(3T+610gp+610gm_ 2 )(k(u+v)’80_l)

38) 1 ou u+tv a’b’ U 9
dlogp dlogl 2 )(k(u+v)’§_0 )
_m(av+ + g  uto 've'V au—l
odmad dl a6
"'(aa %"EE%) 0,

in which p, I, m, U, V, W are given by (8), (11), (12), If T and 0 are any
solution of these equations, the functions D and D", given by (34), and D’,
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given by either of the equivalent expressions

T A dlogp 2 alogm 19100  eVabepld .,
w1t o _u+v+ 7 - D'=o,

1000u 2(u-+0)*HI

37 _
BT alogl 19m 30 evabeptd

U + v + m 90 9 Wﬁﬁ
are the second fundamental coefficients of a surface applicable to the hyper-
boloid (1), the first fundamental coefficients being given by (2). Furthermore,
when one has a surface S defined in this manner, one can obtain without quad-
ratures the intrinsic equations of a second surface of the same kind, which is a
transform under a By of S.

alogp

iy + D' =0,

§13. Continuous Deformation of S. Intrinsic Determination of Systems (Q)
of Surfaces Applicable to a Hyperbolotd. Systems (Q) of Ruled Surfaces.

In view of the results of the preceding section we inquire under what condi-
tions the equations

g_x_= EX,, %le(‘m,
(39) u »
] 2¢ Vabepl4
a—:;: e"[-— (FI+ 6m) VEX, + (El+ Fm)VGX, + zu—‘fl_if’—)z— Xg]

and similar ones in y and z define space referred to a triple system of surfaces,
such that the surfaces w = const. are applicable to one another and to the
hyperboloid (1).

The discussion of this problem may be carried on as in § 4, with equations
similar to (40), (42), (43) and (44), with the difference that now

B = 2¢Vabo - (( o ")+[—(Fl+Gm)D+(EH-Fm)D']e",
(41)
0=2€md(( o) ')+[—(Fl+Gm)D’+(El+Fm)D”]e’.

Proceeding as in § 4, we find that the expressions (41) must be equivalent to

e d ' D
B-k(“ o7 4;[2ewla_lma—;”+~/"(u+o)u(-——5)],
(49) a'bc al D" D
C= T ), wl_[ 2e«/715780 + Vo (u40 )2J(——Tn)],
which necessitates that the condition
2a' b ' W,
(50) EP + 2Flm + Gm? + p? 42 = mJ

be satisfied; that this is an identity is shown in § 14.
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Also the following equations must be consistent with one another and
must be satisfied:

oD , 2B
w (DF — D’ E)e T+du+u+v

aD—(DG’ D'F) T+d0 Bologp Cologp

ow 27 v 2 du
(52) dB Bal Col
= (D' " T _bologp Co0logp
(D’F—D"E)e + 2 9 2 Odu ’
ap,l I II T C
w =(D'G—-D"F)e +dv+u+v

As in § 4 it can be shown readily that all the equations of condition of the
problem, viz., (9), (14), (34), (52) and the Codazzi equations for S, are con-
sistent with one another. Furthermore, when there exists a set of functions
D, D', D", 0, T satisfying these equations, equations similar to (53) § 5
are satisfied and hence there exists a triple system of surfaces of the kind
sought, with respect to which the linear element of space has the form

ds* = Edu? 4 2Fdudv + Gdv? + 8He" (ldv — mdu) dw

54
©Y + 4H** (ER 4 2Flm + Gm? 4 p* A?) du?.

As regards the existence and determination of systems (@) of this sort
the analytical procedure is similar to that followed in § 5, and the result is
the same, namely

There exist triple systems of surfaces such that the surfaces in one family are
applicable to one another and to the hyperboloid.

With the aid of the results of Bianchi* one can readily extend the foregoing
investigation and establish the existence of systems (@) of surfaces applicable
to any central quadric.

Thus far we have tacitly assumed that the surfaces S are not ruled, but by
considerations similar to those of § 6 it may be shown that

There exist systems (Q) for which all of the surfaces w = const. are ruled, and
the determination of the intrinsic equations of such systems requires the integration
of a system of partial differential equations of the first order.

In fact, for the case of the hyperboloid (1), we have

(60) D=0, D’=—2i:_!, D" =2 (u+)*VHop,

* B., chapter 3.
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where ¢ is independent of . Now equations (14) reduce to

a0 a0 £ 44
the first of equations (35) may be replaced by
— log %2
(67) T =log-* 0f,
where f is independent of « and the second of (35) requires that f satisfy
i) |4
9 =17

The first two of equations (52) are satisfied identically, and the last requires
that ¢ in (60) be a solution of

d 2abe 0
(69) st T et ofe=0,
where o is given by
y e (E €)@ty L 2abe( 2 | V"
6 o= (g+7) T - Bt or+ B2 (24 Y).

It can readily be shown that each set of solutions of equations (61), (68) and
(69) gives a system (Q) of the kind sought.

§14. Conjugate Systems. Transformation of Systems (Q) .

If the equation
S ER Y

(70) :c-a:-l—lau-l—mav
be differentiated, we obtain

9z dz dz  (dldx dmaz\a0 ,
- 30 = Log, T M°%+(55@+_6—0- 5)5{‘4- (Di+D'm) X,
(71

9z dz dz 9ldx  Omoxz\a0 , "

9 = Dogut Qoaﬁ'(%@-l'ﬁ a)g-l-(l) I+ D"m)X;.

The affine transformation of Ivory which establishes the correspondence of
applicability of S and § is given analytically by*

b [a (1—uv)— f,(l+uv)] (14sin8)+ ;,ﬁc, [(u—v)+ 1% (u+v)]cos ]

__ bl
u= s
@2 bk[aﬁ (1-un)+ 5 (1+m)] cos b+ S [(u-ﬁ)— 2 (u+'v)](1+sin 6)
__1l—sing
’= Tcos o
*B., p. 60.

Trans. Am. Math. Soc. 26
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From (71) and (72) we have accordingly
0z (u+v)a’b’c'¢2[Loax l‘_@éﬁ:_ ZeVa_l;c_ ]
9 2Wabc(1+sin8) | m du ' m dv (u+12)2Vp

J Lk *)9
(*7) —=—(l+sm0)[(m %)35

(g Mokp(u+v)z)a_x+e(u+v)kﬁb_c~l;x]
+ 17 240V v Wa'b' ¢’ K

where ¥ denotes the denominator of @ in (72).
Proceeding as in § 7 we find that

_ _2abc(u+t0)im
(84) J = Snio L
and we establish the identity (50) in the form
(85) EPR + 2Flm + Gm2+p2A2=_k4(_a£%_va)2'

Furthermore it can be shown that (70) may be written in the form

(92) z+l—+maa,
where L
= _ (1+sinf) koW (u+ o) — adbcW

09 I= 2’ b ¢’ Y2 ? ™= " oabe (1+ sind) (u+ o)
From these expressions we have .

4abeclm
(%) PT TE@t oy
which is analogous to the expression

- 4abelm

(83) P= T i ut o)

arising in the proof of (85).

One shows readily that (72) is reciprocal in form, and by means of the ex-
pressions derived therefrom for u and » in terms of % and 7 it can be proved
that

If § is a transform of 8 by a transformation By, S may be obtained from S by
another By, which is the inverse of the former.

When a system (@) is transformed by a Bi, whose equations are

)
(%) =t hoi 4 m oL,
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where !; and m, denote the result of replacing 8 and k in [ and m by 6, and k,,
we obtain a systein of surfaces S; applicable to the same hyperboloid. If each
surface S; undergoes a transformation of parameters to a new set %, and »,,
analogous to % and 7, defined by (72), we have space referred to a triple system
of surfaces of parameters u;, v, w

As shown in § 9, the direction of the tangent to the curves of parameter w
are given by

63:1

o = XiVET[F(h—1)+ G (mi—m)]

(98) = X, VGeT[E(Lh— 1)+ F (m1—m)]

2ep VabeA 2€1k1(u+ ”)‘/;‘J‘;E’ _%]

+X‘[ Tutoy ThEE™ B W,  ow

When we take (92) in place of (96), this reduces to

ow  “Lk(u+tv) dbe W  dw

(99) oF _ 2X. [ abepe” (DIt — D" m?) — ek (u + v) Vo Vabe (2_0] .
Hence the tangents to the curves of parameter w are parallel to the correspond-
ing normals to the surfaces S, and tonsequently, if we say that the surfaces
S form a system conjugate to the given system, we have the theorem:

The system conjugate to a given system (Q) i3 a system (Q).

As regards the existence of a generalized transformation of a system (@)
into a system () the situation is similar to that set forth in § 10. However,
in the next section we give an example of particular systems (@) for which
such transformations have been established.

§ 15. Isogonal Deformations of Pseudospherical Surfaces.

If in (1) we put*
(109) a=b=1, c=1

we have that @ is the imaginary sphere 2>+ 3>+ 2*+ 1= 0, and conse-
quently S is a pseudospherical surface. In this case we have

2 . -1

a0 E=6=0, F=riow H=mEor

p=1

* Cf. B., §§ 49, 50.
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Taking
(111) k = cos’o,
we find
o=V =1sing, ¢ =singo,
1- s1n 1+ sin
) 1=1 e, =Tk,
2 s
~ sin?¢ 14 sin 6’
where

(113) A=cosf+u(1+sin0), pu=cosfd—o(1l+sind).

If we put

: : W 1=
(114) u=atif, v=a—if, o= _SnC}

cosoc u’
we have for the new fundamental coefficients of the surface

1

E = G'=;2,

(115) A=2D"+D+ D", A'=:(D-D"), A"=2D —

It follows that

(116) l=acosce’*, m=acosce*®, A= —sino.

Equations (14) become

de sin ¢
da  acose

4+ atano (A cose + A’sing),

(117)
(_’i_g_o _C0Sg — Cos ¢
8  acosec

Furthermore (39) may be replaced by
iz X, dz X,

a_a— ’ 5§=F’
(118)

g—:= h[cose (sin ¢ X; — cos ¢ X3) + sinoX;],

+ atano (A’ cos ¢ + A sin ¢).

D—-D".
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where
(119) h=—m=—ﬁ.

Equations (118) define a system (@) such that the surfaces w = const. are
pseudospherical and the curves of parameter w are isogonal trajectories of
these surfaces. These are the systems which Bianchi has discovered and, in
fact, the equations are in the form given by him.*

For this case the equation analogous to (103), Part I, becomes

ol

(120) hss = cos? o

(his + h3s),

when the linear element of space is written

do? + d?

(121) dst = =—3

+2h13 dadw + 2h23 dﬁdw + hsa duw?.

Bianchi* shows that the relation (120) characterizes systems (@) for which the
curves of parameter w are isogonal trajectories of the pseudospherical surfaces
w = const. When Bianchi expresses the condition (120) for the system arising
from a given system (@) by means of a transformation B,,, he finds that ¢,
must satisfy in addition to (117), in which ¢ is replaced by ¢, the further
equation

d¢1 _atano, 6_h+utan¢n%
dw _ sing ¥y, sinoc 9o
(122) b si i .,
sing cos ¢ sin
+ : 7= (p1—@).

- — — = : : cos
sing — sino; sino cos gy (sing — sinoy)

Because of the particular form of the functions Bianchi was enabled to factor
the equation analogous to (104) § 10, but we have indicated a method by
which # can be formed, even if the factors are not apparent.

Thus we have a particular case in which a system (@) of surfaces applicable
to a central quadric is transformable into another system (Q). This
strengthens the belief stated at the end of the preceding section. Further-
more, we are of the opinion that (104) is the sufficient as well as necessary con-
dition that a family of continuous deforms of a central quadric forms a sys-
tem (Q).

It should be added here that by suitable changes in constants and variables
it is possible to transform the results of the preceding sections so that one
shall obtain similar theorems for surfaces applicable to any central quadric.

*L. c, p. 20.
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§ 16. Deformation of the Hyperbolod of Revolution and of Bertrand Curves.

We shall close our discussion with the consideration of the continubus
deformation of a ruled-surface applicable to an hyperboloid of revolution,
because one derives therefrom a continuous array of applicable curves of
Bertrand.

Let S be a ruled surface applicable to an hyperboloid of revolution, then
the line of striction is a Bertrand curve and corresponds to the circle of gorge
on the hyperboloid. Referring to (1), we see that in the present case b = a
and the line of striction is given by u» — 1 = 0. Accordingly we effect the
change of parameters

u = s v =1,
so that the curve ¢ = 0 on each surface S is the line of striction.

In this case

dz\* E dzdzxr u 1 2u u?
E‘=E(W =3 F1=2———-=—2E—5F, G’1=G—7F+§E.

The direction-cosines of the tangent to the curve ¢ = 0 are

w87 = 210 -x), (T-1), (-2,

where X1, -+, Z, are given by (39). The direction-cosines of the principal
normal are X3, Y3, Z; and of the binomial

T e
Muy= K X, Vot Y, 2t 2l

We denote by S the locus of the Bertrand curvest = 0 on the surfaces
w = const. of a system (@) of the kind considered. The direction-cosines of
the normal to § are of the form

X=rlcVa? + @ A\ — a (VEL — VGm) X;],
where

r= VBl +VCGm) @ + ¢ (a? + &) 42.

If & denotes the angle between the principal normal to ¢ = 0 and the normal
to the surface, then

cos ® = ar (VGm — +EI), sinw=crdVa* + ¢
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_ One finds without difficulty the first and second fundamental coefficients of
S, and therefrom obtains

co;oa_%__[c(1+vz)z¢+2](\/§m VEl)r,
1_FD—-ED
T=E‘/_;é_—_f2= —cr?(a?+ )4
T BY (k*+m)e 2
o (0= 7) - Caw (oot cogon) ]

(VEl — VGm) (1 4 )3,

where py and T are the radii of first curvature and geodesic torsion respectively
of the curve ¢ = 0 and B and C are the functions defined by (41). Since the
torsion is given by

Fl&

11
=T &,

we are in a position to find 7. By easy reduction it is found that

~|n-

1
=51+ 7)e.
Since the element of any of the curve is given by VE dv, , one finds readily that

8
v—tan2—a.

Hence the intrinsic equations of the curve are

1_1 a3 1 _e 42
(123) o 2a(c¢sec +2), ;=g sec' o,

where from § 13 it follows that ¢ satisfies the equations

30 (a+k)VE—k2Vp- df fOV 2a

% k(& + 4a?) ' 3 Vo £+ 4a*

(124)

6¢
—f( ’+4a’)as+oﬁo—

o being a function of s and 0 obtained by replacing » and v in (69’) by cot s / 2a
and tan s/ 2a respectively.



402 L. P. EISENHART: DEFORMATIONS OF CERTAIN SURFACES.

The surfaces w = const. of the system (@) conjugate to the given system
are likewise applicable to the same hyperboloid. Moreover to a curve of
Bertrand of the original system corresponds a curve of Bertrand of the second
system in such a way that the join of corresponding points is tangent to the
two surfaces of conjugate systems; we call the second curve the conjugate
Bertrand curve. Hence we have the theorem:

To each function ¢ satisfying equations (124) there corresponds a family of
curves of Bertrand defined by (123) such that all of these curves are continuous
deforms of one another, the parameter of deformation being w, the direction of
deformation being parallel to the principal normal of the conjugate curve at the
corresponding point.

Later we shall consider general deformations of Bertrand curves.

PRINCETON,
November 15, 1912.




